We consider the analytic continuation of the transfer function for a 2 × 2 matrix Hamiltonian into the unphysical sheets of the energy Riemann surface. We construct non-selfadjoint operators representing operator roots of the transfer function which reproduce certain parts of its spectrum including resonances situated in the unphysical sheets neighboring the physical sheet. On this basis, completeness and basis properties for the root vectors of the transfer function (including those for the resonances) are proved.
1. Introduction. In this work we deal with Hamiltonian of the 2 × 2 matrix form
It is assumed that the operator H acts in an orthogonal sum H = H 0 ⊕ H 1 of the Hilbert spaces H 0 and H 1 while the entries A 0 : H 0 → H 0 , and A 1 : H 1 → H 1 , are selfadjoint operators. The couplings B ij : H j → H i , i =j, B 01 = B * 10 , are assumed to be bounded operators. We are especially interested in the physically typical case where the spectrum of, say, A 1 is partly or totally embedded into the absolutely continuous spectrum of A 0 and the transfer function M 1 (z) = A 1 −z +V 1 (z), where V 1 (z) = B 10 (z − A 0 ) −1 B 01 , admits analytic continuation (as an operator-valued function) through the absolutely continuous spectrum of the entry A 0 into the unphysical sheet(s) of the energy z plane. Notice that the resolvent (H − z) −1 of the operator H can be expressed explicitly in terms of the inverse transfer function M −1 1 (z). Therefore, in studying the spectral properties of the transfer function M 1 one studies at the same time the spectral properties of the operator matrix H.
We construct an operator-valued function V (X) (see [9] ) on the space of operators in H 1 possessing the property: V 1 (X)ψ 1 = V 1 (z)ψ 1 for any eigenvector ψ 1 of X corresponding to an eigenvalue z and then study the equation
In the case where the spectra of A 0 and A 1 have no intersection, Eq. (1) is reduced (cf. [9] ) to an operator Riccati equation for a similarity transform which allows to find invariant subspaces of the matrix H admitting a graph representation [1, 2, 8] (also see [6] ). Now we prove the solvability of Eq. (1) in the case where the spectra of A 1 and A 0 overlap, cf. also [8] . However in this case the solutions of (1) already represent non-selfadjoint operators. The problem considered is closely related to the resonances generated by the matrix H. Regarding a definition of the resonance and history of the subject see, e. g., the book [11] . A recent survey of the literature on resonances can be found in [10] . Throughout the paper we treat resonances as the discrete spectrum of the transfer function M 1 situated in the unphysical sheets of its Riemann surface since points of this spectrum automatically correspond to the poles of the analytic continuation of the resolvent (H − z) −1 (understood in the form sense). Using the fact that the root vectors of the solutions H 1 of the equation (1) are at the same time such vectors for M 1 , we prove completeness and even basis properties for the root vectors including those for the resonances. The results obtained allow immediate applications in particular to the scattering problems for multichannel Schrödinger equation.
A detailed exposition of the material presented including proofs in the case of essentially more general spectral situation will be given in the extended paper [7] .
2. Analytic continuation of the transfer function. For the sake of simplicity we assume in the report that all the spectrum σ(A 0 ) of the entry A 0 is absolutely continuous consisting of an only interval J 0 = (µ
0 ) with −∞ ≤ µ
0 ≤ ∞ while all the spectrum σ(A 1 ) of the entry A 1 is totally embedded into the interval J 0 . Therefore, we assume σ(A 1 ) ⊂ J 0 . Let E 0 be the spectral measure for the entry A 0 , A 0 = σ(A0) λ dE 0 (λ). Then the function V 1 (z) can be written
where E 0 (µ) is the spectral function of A 0 , E 0 (µ) = E 0 (−∞, µ) . We suppose that the function K B (µ) is differentiable in µ ∈ J 0 in the operator norm topology. Further, we suppose that the derivative K 
, be a rectifiable Jordan curve in D l resulting from continuous deformation of the interval J 0 , the (finite) end points of this interval being fixed. The quantity
where |dµ| stands for the Lebesgue measure on Γ l , is called variation of the function K B (µ) along the contour Γ l . We suppose that there exists a contour (contours) Γ l where the value V 0 (B, Γ l ) is finite including also the case of the unbounded interval J 0 . The contours Γ l satisfying the condition V 0 (B, Γ l ) < ∞ are said to be K B -bounded contours.
Lemma 1 The analytic continuation of the transfer function
, bounded by this interval and a K B -bounded contour Γ l is given by
Proof is reduced to the observation that the function initially is said to be the physical sheet. The remaining sheets of the Riemann surface of M 1 are said to be unphysical sheets. In the present work we only deal with the unphysical sheets connected through the interval J 0 immediately to the physical sheet.
3. Example. To explain our reasons to introduce the function K ′ B (µ) we will briefly consider an example closely related to the multichannel Schrödinger operator. Let H 0 = L 2 (R n ), n ≥ 1, and A 0 be the Laplacian, A 0 = −∆, defined on the Sobolev space W 2 2 (R n ). We impose no restrictions on the Hilbert space H 1 and on the selfadjoint entry A 1 except for the assumption that σ(
represents a continuous function of p with respect to the norm topology in H 1 . We define the coupling B 10 as
Obviously, the operator B 10 is bounded and B 10 ≤ b L2(R n ,H1) . The adjoint operator B 01 reads
Denote by B r the open ball in R n centered at the origin and having radius r, B r = {p ∈ R n : |p| < r}. For µ > 0 the value of the spectral function E 0 (µ) of the Laplacian −∆ represents the integral operator in L 2 (R n ) whose kernel reads as the Fourier transform of the characteristic function of the ball B √ µ (see, e. g., Ref. [3] , §4.2 of Ch. 8),
If µ ≤ 0 then E 0 (µ; x, x ′ ) = 0. A simple computation in the example considered shows that, for µ > 0,
where S n−1 stands for the unit sphere in R n . Thus, for the analytic continuability of K ′ B (µ) into a domain D ⊂ C surrounding the spectrum of the entry A 1 it suffices to require the analytic continuability of the function b(p) into an appropriate domain of C n . In particular, if b(p) admits an analytic continuation into a "strip" | Im p | < a for some a > 0, then the function K 
Obviously, this operator is bounded,
In what follows we consider the equation (cf. [9] )
This equation possesses the following important characteristic property: If X is a solution of (3) and u 1 is an eigenvector of
This implies that any eigenvalue z of H 1 is automatically an eigenvalue for the continued transfer function M 1 (z, Γ l ) and u 1 is its eigenvector. Thus, having found the solution(s) of the equation (3) one obtains an effective means of studying the spectral properties of the transfer function M 1 (z, Γ) itself, referring to well known facts of Operator Theory [4, 5] .
is uniquely solvable in any ball including operators X : H 1 → H 1 the norms of which are bounded as X ≤ r with r min (Γ) ≤ r < r max (Γ) where
Γ). (5)
In fact, the solution X belongs to the smallest ball X ≤ r min (Γ).
One can prove this statement making use of the Banach's Fixed Point Theorem (see [7] ). One can even prove that if the index l = ±1 is fixed then, under the condition (4), the solution X does not depend on a concrete contour Γ ⊂ D l . Moreover, this solution satisfies the inequality X ≤ r 0 (B) with r 0 (B) = inf
where ω(B,
The value of r 0 (B) does not depend on l. But when l changes, the solution X can also change. For this reason we supply it in the following with the index l writing X (l) . As a matter of fact, the operators
, represent operator roots of the transfer function M 1 .
Theorem 2 Let Γ l be a contour satisfying the condition (4) and H (l)
where X (l) is the above solution of the basic equation (3). Then, for z ∈ C \ Γ l , the transfer function M 1 (z, Γ l ) admits the factorization
where
Here, I 1 denotes the identity operator in
is only represented by the spectrum of H
including the complex spectrum (in particular the resonances).
Let
where Γ l stands for a contour satisfying the condition (4).
Theorem 4
The operators Ω (l) , l = ±1, possess the following properties (cf. [8] ):
where γ stands for an arbitrary rectifiable closed contour going in the positive direction around the spectrum of H
1 inside the set O d0(Γ)/2 (A 1 ). The integration over γ is understood in the strong sense.
The formulas (7) and (8) 
0 = ∞. Also, we suppose that there is a number i 0 such that for any i ≥ i 0
with some r > r 0 (B). Let γ 0 be a circle centered at z = (λ
i0−1 )/2 and having the radius (λ 
Additionally, assume that 
